A GENERALIZATION OF THE CENTRAL ELEMENTS
OF A GROUP EUGENE SCHENKMAN
Introduction.
If a and g are elements of a group G, we shall denote by or a(g) the element g~ιag, and then for n = 2, 3, 4, define a^Hg) = α(α( π -ι >(g)).
If for some τi and all g C G, a^n'(g) = a then α will be called weakly central of order n or simply weakly central. Thus the center elements of G are weakly central of order 1.
As usual, let Thus a^n' (g ) = α is equivalent to where e is the identity of G. It follows that if o is an element of a normal nilpotent finite subgroup of G then a is weakly central. Another easy consequence of the definition is that if a is weakly central in G then a is its own normalizer in G if and only if { a } ~ G; here \ a\ denotes the subgroup generated by α. It should also be noted that if a is weakly centra] in G, then a is weakly central in G, where a is the image of a under a homomorphism which takes G onto G. It has not been determined whether solvability must necessarily be assumed for Theorems 2 and 2a to be true.
3. Proof of Theorem 1. We shall first consider the case where G is finite, and use induction on the order of G. Let p be the prime such that all elements of G whose orders are a power of p are weakly central. We must show that if S o is a p-Sylow subgroup of G then S o is the only p-Sylow subgroup, and hence is normal in G. We do this by obtaining a contradiction in case S o is not normal in G. 
REMARK
The above proof shows that a weakly central element of prime power order must lie in the intersection of at least 2 p-Sylow subgroups if the number of p-Sylow subgroups is greater than one.
We return to the proof of Theorem 1 and consider the case where G is locally finite. This means that any finite set of elements of G generates a finite subgroup of G. Now we are assuming that the elements belonging to a certain prime p are weakly central, and wish to show that they comprise a normal subgroup of G. It is obvious that they form an invariant set, and hence they generate a normal subgroup of G. Furthermore, the product of any two elements whose orders are powers of p has also order a power of p because of the local finiteness of G and because the theorem is true for finite groups. It follows that the elements whose orders are powers of p actually comprise the group they generate. This completes the proof of Theorem 1.
Proof of Theorem
Za. From a previous remark we know that if an element is in the nil radical then it is weakly central. We must show conversely that if an element is weakly central then it is in the nil radical. The proof will be made by induction on the order of G. If the order is one then the theorem is obviously true. We now assume the theorem true for groups whose orders are less than k, and let G be a group of order k. Let N be the nil radical, and g a weakly central element of G. 
then // is in the center of G since G = } g, N\, and hence // is normal in G. It follows by the induction assumption that G/H is nilpotent, whence, for some k, G C H. But since // is in the center of G,
and therefore G is nilpotent; G = /V, and g £ /V as was to be shown.
Accordingly we need now only consider the case where { g, z \ = G for every z ζl Z. Since g is weakly central then {g} cannot be its own normalizer in G; that is, { g\ is normal in R 9 where R φ. { g \. On the other hand, since G = } g 9 Z !, it follows that # or a subgroup of /? is of the form { g s z \ = G, so that R = G. Hence g is in a cyclic normal subgroup of G, and consequently is in the nil radical /V as we wished to show. This completes the proof of Theorem 2 a.
5. Proof of Theorem 2. We first note that the product of two weakly central elements is weakly central since they generate a finite group in which Theorem 2a is applicable. Thus the weakly central elements comprise a subgroup which is obviously normal. It is the direct product of p-groups by Corollary 1.
